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Abstrat
We have employed the relativisti oupled luster theory to alulate the magneti dipole and
eletri quadrupole hyperne onstants for the ground and low lying exited states of singly ionized
magnesium. Comparison with experimental and the other theoretial results are done and preditions
are also made for a few low lying exited states whih ould be of interest. We have made omparative
studies of the important many body eets ontributing to the hyperne onstants for the dierent
states of the ion.
PACS number(s). : 31.15.Ar, 31.15.Dv, 31.25.Jf, 32.10.Fn
1 Introdution
The hyperne interations in alkali metal atoms and alkaline earth ions have been of interest for quite
a long time [1, 2℄. A number of theoretial investigations inluding some based on relativisti many-
body theory have been performed [3, 4, 5℄ and they ompare reasonably well with experiments. Some
of the theoretially predited values ould be of experimental interest with the advent of high preision
tehniques [6℄ involving trapped and laser ooled atoms [7℄ and ions [2℄.
The high preision alulations of dierent properties of many-eletron atoms requires aurate wave-
funtions in the nulear region as well as the region far from the nuleus. The study of properties like
hyperne onstants requires the former. Sine hyperne interations are sensitive to eletron orrelations,
the determination of atomi hyperne onstant provides an important test for ab initio atomi struture
theory [8℄.
In this paper we have arried out ab-initio alulations of the magneti dipole and eletri quadrupole
hyperne onstants and ompared the many-body eets for the ground as well as some exited states.
Setion 2 provides the neessary theoretial bakground to the magneti dipole (A) and the eletri
quadrupole (B) hyperne onstants. Setion 3 gives an overview of the oupled-luster theory and its
appliation to this spei problem. Finally in setion 4 the results of our alulations are presented and
disussed.
2 Theory
The interation between the various moments of the nuleus and the eletrons of an atom are olletively
referred to as hyperne interations [8℄. In this paper we shall onsider the interations between the
atomi eletrons with the nulear magneti dipole and eletri quadrupole moments. Nulear spin gives
rise to a nulear magneti dipole moment and the departure from spherial harge distribution in the
nuleus produes an eletri quadrupole moment.
The hyperne interation is given by [9℄
Hhfs =
∑
k
M (k) · T (k), (1)
1
where M (k) and T (k) are spherial tensors of rank k, whih orresponds to nulear and eletroni parts
of the interation respetively. The lowest k = 0 order represents the interation of the eletron with
the spherial part of the nulear harge distribution. The eigenstates of the atomi Hamiltonian in the
presene of a hyperne interation are denoted by |IJFMF 〉. Here I and J are the total angular angular
momentum for the nuleus and the eletron state, respetively, and F = I+ J with the projetion MF .
In the rst order perturbation theory, the energy orresponding to the hyperne interation of the
ne struture state |JMJ〉 are the expetation values of Hhfs suh that
W (J) = 〈IJFMF |
∑
k
M (k) · T (k) |IJFMF 〉
=
∑
k
(−1)I+J+F
{
I J F
J I k
}
〈I‖M (k) ‖I〉 〈J‖T (k) ‖J〉
(2)
The k = 1 term desribes the magneti dipole oupling of the nulear magneti moment with the
magneti eld reated by the eletron at the position of the nuleus. The nulear dipole moment µI is
dened (in units of Bohr magneton µN ) as
µIµN = 〈II|M
(1)
0 |II〉 =
(
I 1 I
−I 0 I
)
〈I‖M (1) ‖I〉 (3)
and the operator T
(1)
q is given by[10℄
T (1)q =
∑
q
t(1)q =
∑
j
−ie
√
8pi
3
r−2j
−→αj ·Y
(0)
1q (r̂j). (4)
Here
−→α is the Dira matrix and Yλkq is the vetor spherial harmonis. In Eq.(4) the index j refers to the
j-th eletron of the atom and e is the magnitude of the eletroni harge. The magneti dipole hyperne
onstant A is dened as
A = µN
(µI
I
) 〈J‖T (1) ‖J〉√
J(J + 1)(2J + 1)
, (5)
and the orresponding magneti dipole hyperne energy WM1 is given by
WM1 = A 〈I · J〉 = A
K
2
, (6)
where K = F (F + 1)− I(I + 1)− J(J + 1).
The seond order term in the hyperne interation is the eletri quadrupole part. The eletri
quadrupole hyperne onstant is dened by putting k = 2 in Eq. (2). The nulear quadrupole moment
is dened as
T (2)q =
∑
q
t(2)q =
∑
j
−er−3j C
(2)
q (r̂j), (7)
Here, C
(k)
q =
√
4π
(2k+1)Ykq , with Ykq being the spherial harmoni. Hene the eletri quadrupole hyperne
onstant B is
B = 2eQ
[
2J(2J − 1)
(2J + 1)(2J + 2)(2J + 3)
]1/2
〈J‖T (2) ‖J〉 , (8)
and the orresponding eletri quadrupole hyperne energy WE2 is given by
WE2 =
B
2
3K(K + 1)− 4I(I + 1)J(J + 1)
2I(2I − 1)2J(2J − 1)
. (9)
In Eq.( 4 and 7 ) t
(k)
q are the single partile redued matrix element for the eletroni part. The redutions
of the single partile matrix elements into angular fators and radial integral are straightforward by means
of using the Wigner Ekart theorem. These single partile redued matrix elements are given by
〈κ‖ t(1)q ‖κ
′〉 = −〈κ‖C(1)q ‖κ
′〉 (κ+ κ′)
∫
dr
(PκQκ′ +QκPκ′)
r2
(10)
and
2
〈κ‖ t(2)q ‖κ
′〉 = −〈κ‖C(2)q ‖κ
′〉
∫
dr
(PκPκ′ +QκQκ′)
r3
, (11)
where 〈κ‖C
(k)
q ‖κ′〉 is the redued matrix element of the spherial tensor and is equal to
(−1)j+1/2
√
(2j + 1)(2j′ + 1)
(
j k j′
1
2 0 −
1
2
)
pi(l, k, l′),
with
pi(l, k, l′) =
{
1 if l + k + l′ even
0 otherwise
Here the single partile orbitals are expressed in terms of the Dira spinors with Pi and Qi as large
and small omponents respetively.
3 Overview of the oupled luster theory : method of alulation
We start with an N eletron losed shell Dira-Fok (DF) referene state |Φ〉. The orresponding orre-
lated losed shell state is then
|Ψ〉 = exp(T ) |Φ〉 , (12)
where T is the ore eletron exitation operator. Then the Dira-Coulomb eigenvalue equation is
H exp(T ) |Φ〉 = E exp(T ) |Φ〉 , (13)
with the Dira-Coulomb Hamiltonian
H =
∑
i
(
cαi · pi + (βi − 1)mc
2 + VN
)
+
∑
i<j
1
rij
. (14)
This leads to the exat ground state energy E of the losed-shell part of the system. Here αi and βi are
Dira matries and VN is the nulear potential. If we onsider the DF state |Φ〉 as the Fermi vauum,
then the normal ordered Hamiltonian is
HN ≡ H − 〈Φ|H |Φ〉 = H − EDF . (15)
If we projet 〈Φ| exp(−T ) from the left we obtain the orrelation energy (∆E) and if we projet
any of the exited determinant 〈Φ⋆| exp(−T ) we additionally get a set of equations whih are used to
obtain the T amplitudes. Using the normal ordered dressed Hamiltonian HN = exp(−T )HN exp(T ) the
orresponding equations for orrelation energy and amplitudes beome
〈Φ|HN |Φ〉 = ∆E, (16)
and
〈Φ⋆|HN |Φ〉 = 0. (17)
Here the state |Φ⋆〉 may be singly exited |Φra〉 or double exited |Φ
rs
ab〉 and so on. The indies a, b, · · ·
refer to holes and p, q, · · · to partiles. We have onsidered the oupled luster single and double (CCSD)
approximation, where the luster operator T is omposed of one- and two-body exitation operators, i.e.
T = T1 + T2, and are expressed in seond quantization form
T = T1 + T2 =
∑
ap
a†paat
p
a +
1
2
∑
abpq
a†pa
†
qabaat
pq
ab. (18)
Contrating the ladder operators [11℄ and rearranging the indies, the amplitude equations an be
expressed in the form
A+B(T ) · T = 0, (19)
3
where A is a onstant vetor onsisting of the matrix elements 〈Φ⋆|HN |Φ〉, T is the vetor of the
exitation amplitudes and B(T ) is the matrix whih depends on the luster amplitudes itself so that Eq.
(19) is solved self-onsistently. For example, a typial ontribution to the term
̂̂
HNT2T2 is
Bpqab =
1
2
∑
dgrs
Vdgrst
pr
adt
sq
gb. (20)
Here Vdgrs is the two-eletron Coulomb integral and t
pr
ad is the luster amplitude orresponding to a
simultaneous exitation of two eletrons from orbital a and d to p and r respetively. To obtain a full
set of terms whih ontribute to this spei exitation, diagrammati tehniques are used.
The ground state of
25Mg+ ontains only one valane eletron in the outer most orbital (3s1/2). To
alulate the ground state energy of the system we rst ompute the orrelations for the losed shell
system (
25Mg+2) using the losed shell oupled luster approah and then use the tehnique of eletron
attahment (open shell oupled luster (OSCC)) method. The energy of the exited state are obtained
by the same way. In order to add an eletron to the kth virtual orbital of the DF referene state we
dene ∣∣ΦN+1k 〉 ≡ a†k |Φ〉 (21)
with the partile reation operator a†k. Then by using the exitation operators for both the ore and
valane eletron the exat state is dened as [8℄:∣∣ΨN+1k 〉 = exp(T ) {exp(Sk)} ∣∣ΦN+1k 〉 . (22)
Here {exp(Sk)} is the normal ordered exponential representing the valane part of the wave operator.
Here
Sk = S1k + S2k =
∑
k 6=p
a†paks
p
k +
1
2
∑
bpq
a†pa
†
qabaks
pq
kb , (23)
where k stands for valane orbital. Sk ontain the partile annihilation operator ak, and beause of
the normal ordering it annot be onneted to any other valane eletron exitation operator and then
{exp(Sk)} automatially redues to {1 + Sk}.
Then we an write the Eq.(22) as∣∣ΨN+1k 〉 = exp(T ) {1 + Sk} ∣∣ΦN+1k 〉 . (24)
Following the same proedure as in the losed-shell approah, we obtain a set of equations
〈
ΦN+1k
∣∣HN {1 + Sk} ∣∣ΦN+1k 〉 = Heff (25)
and 〈
Φ
⋆N+1
k
∣∣∣HN {1 + Sk} ∣∣ΦN+1k 〉 = Heff 〈Φ⋆N+1k ∣∣∣ {1 + Sk} ∣∣ΦN+1k 〉 , (26)
where the desired roots an be obtained by diagonalizing Heff . The Eq.(26) is non-linear in Sk beause
the energy diereneHeff is itself a funtion of Sk. Hene, these equations have to solved self-onsistently
to determine the Sk amplitudes.
Triple exitations are inluded in our open shell CC amplitude alulations by an approximation that
is similar in spirit to CCSD(T) [12℄. The approximate triple exitation amplitude is given by
Spqrabk =
V̂ T2 + V̂ S2
εa + εb + εk − εp − εq − εr
, (27)
where Spqrabk are the amplitudes orresponding to the simultaneous exitation of orbitals a, b, k to p, q, r
respetively and V̂ T and V̂ S are the orrelated omposites involving V and T , and V and S respetively.
εk is the orbital energy of the kth orbital. The above amplitudes (some representative diagrams are given
in gure 1) are added appropriately in the singles and doubles open shell luster amplitude equations and
these equations are then solved self-onsistently. We therefore obtain solutions of S1and S2 amplitudes
taking into onsideration the eet of the triple exitations in an approximate way
The expetation value of any operator O an be written as the normalized form with respet to the
exat state
∣∣ΨN+1〉 as
4
〈O〉 =
〈
ΨN+1
∣∣O ∣∣ΨN+1〉
〈ΨN+1| ΨN+1〉
=
〈
ΦN+1
∣∣ {1 + S†} exp(T †)O exp(T ) {1 + S} ∣∣ΦN+1〉
〈ΦN+1| {1 + S†} exp(T †) exp(T ) {1 + S} |ΦN+1〉
. (28)
For omputational simpliity we store only the one-body matrix element of O = exp(T †)O exp(T ). O
may be expressed in terms of unontrated single-partile lines [13℄. The fully ontrated part of O will
not ontribute as it annot be linked with the remaining part of the numerator of the above equation.
In the LCCSD approximation Eq. (22) turns out to be∣∣ΨN+1k 〉 = {1 + T + Sk} ∣∣ΦN+1k 〉 , (29)
and HN = HN +
︷ ︸︸ ︷
HNT .
The losed and open shell luster amplitude equations redue to
〈
Φk0
∣∣HN + ︷ ︸︸ ︷HNT |Φ0〉 = 0, (30)
and 〈
Φ
⋆N+1
k
∣∣∣HN {1 + Sk} ∣∣ΦN+1k 〉 = 〈Φ⋆N+1k ∣∣∣Sv ∣∣ΦN+1k 〉 〈ΦN+1k ∣∣HN ∣∣ΦN+1k 〉 . (31)
The orbitals used in the present work are expanded in terms of a nite basis set omprising of Gaussian
type orbitals (GTO) [14℄
Fi,k(r) = r
k exp(−αir
2), (32)
with k = 0, 1, 2 · · · for s, p, d, · · · type funtions, respetively. The exponents are determined by the even
tempering ondition [15℄
αi = α0β
i−1. (33)
The staring point of the omputation is the generation of the Dira-Fok (DF) orbitals [14℄ whih are
dened on a radial grid of the form
ri = r0 [exp(i − 1)h− 1] (34)
with the freedom of hoosing the parameters r0 and h. All DF orbitals are generated using a two
parameter Fermi nulear distribution
ρ =
ρ0
1 + exp((r − c)/a)
, (35)
where the parameter c is the half harge radius and a is related to skin thikness, dened as the interval
of the nulear thikness in whih the nulear harge density falls from near one to near zero.
Although we have used a large basis for the generation of the single partile orbitals, the high-lying
virtual orbitals (above a ertain threshold) are kept frozen as their ontributions to the high-lying virtuals
in the T and S amplitudes in the CC equations are negligible. Another advantage of this approximation
is that it redues the memory required to store the matrix elements of the dressed operator H and the
two-eletron Coulomb integrals in the main memory, thereby reduing the omputational ost. In our
alulations, we have inluded all possible single, double and partial triple exitations from the ore.
We have used dierent α0 and β for dierent symmetries. The number of basis funtions used to
generate the even tempered DF states are listed in table 1 and the values of the parameters α0 and β
used are also listed. For oupled luster alulations, we have restrited the basis by imposing an upper
bound in energy for single partile orbitals and the onvergene of our results are shown in table 3.
4 Results and disussions
The values of the magneti dipole hyperne onstant A and eletri quadrupole hyperne onstant B
for dierent states are given in table 2. Our alulated value of A for the ground state 3s1/2 is in good
agreement (less than 0.6%) with experiment and it is more aurate than a previous alulation (∼1%)
based on seond order relativisti many-body perturbation theory (RMBPT) [3℄. This is beause unlike
the previous work our alulation is based on an approah whih is equivalent to all-order MBPT. In
partiular, we have taken into aount all single, double and a subset of triple exitations to all orders in
the residual Coulomb interation. It is, therefore, not surprising that the result of our alulation when
5
ka
b
q
s
r
a
p
k
r
S 2
V
T
2
p
(a) (b)
b
q
V
Figure 1: Some typial important diagrams whih arise due to the inlusion of triples through Eq.(27)
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Figure 2: Some typial important MBPT diagrams for pair orrelation and ore-polarization eets.
The supersripts refer to the order of perturbation and the dashed lines orrespond to the Coulomb
interation. Partiles and holes (labeled by a) are denoted by the lines direted upward and downward
respetively. The double line represents the O (the hyperne interation operator) verties. The valane
(labeled by v) and virtual orbitals (labeled by p, q, r..) are depited by double arrow and single arrow
respetively, whereas the orbitals denoted by ⊕ an either be valane or virtual.
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Figure 3: The orresponding CC diagrams for pair 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e orbital and p, q, r... denote virtual orbitals (partiles).
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Table 1: No. of basis funtions used to generate the even tempered Dira-Fok orbitals and the orre-
sponding value of α0 and β used.
s1/2 p1/2 p3/2 d3/2 d5/2 f5/2 f7/2
Number of basis 35 32 32 25 25 25 25
α0 0.00625 0.00638 0.00638 0.00654 0.00654 0.00667 0.00667
β 2.03 2.07 2.07 2.19 2.19 2.27 2.27
Table 2: Value of magneti dipole (A) and eletri quadrupole (B) hyperne onstants in MHz for
25Mg+. (T) stands for CC with perturbative partial triples.
States CCSD(T)
(a)
MBPT LCCSD(T) (L)CCSD(T) Others
(d)
Experiment
(e)
A B A A
(c)
A
(c)
A A
3s1/2 592.86 602(8)
(b)
590.73 597.45 597.6 596.2544(5)
602.46
(c)
4s1/2 162.32 164.65
(c)
161.79 163.34 163.4
3p1/2 101.70 103.20
(c)
100.69 102.40 103.4
4p1/2 33.83 34.26
(c)
33.51 34.05
3p3/2 18.89 22.91 19.94
(c)
18.95 19.02 19.29
4p3/2 6.21 7.48 6.54
(c)
6.24 6.25
3d3/2 1.17 1.26 1.16
(c)
1.16 1.17 1.140
4d3/2 0.51 0.48 0.505
(c)
0.51 0.51
Refs. : (a) : Present work, (b) [3℄, () Present work, (d) : [4℄, (e) : [2℄
arried out by using seond order RMBPT is in agreement with the result of the earlier alulation (see
table 2) [3℄.
In table 2 the results alulated by Safronova et al [4℄ using linearised oupled luster in singles doubles
approximation (LCCSD) are given. We have performed LCCSD(T) alulations and the results are given
in the same table. The reasons for the disrepany between the two linearised oupled-luster alulations
seem to be the inlusion of partial triple exitations by us and the dierent hoie of basis sets. From
our present alulations it is possible to determine the ontributions from the non-linear lusters. These
ontributions vary from 0.3% (3s1/2) to 0.8% (3d3/2) for the dierent states. We nd that if we take
the linear ontributions of the T amplitudes but the nonlinear ontributions of the ombined T and S
amplitudes and then perform the alulation of the hyperne onstants (Eq.28) at the linear level (whih
we have named as (L)CCSD(T)), the result (A(3s1/2) = 597.45 MHz) is in exellent agreement with the
experiment (error is ∼0.2%) for the ground state. But theoretially this approah is not omplete and
hene a proper inlusion of the nonlinear eets is desirable. Table 4 shows the ontribution of triples
in the nal property. Some partial triples eet are taken into aount iteratively aording to Eq. (27)
and the S amplitude thus ontain some partial triples. The eet of triples in alulation of properties
(Eq. 28) thus omes from the triples eet inluded in S amplitude. Figure 1 shows some of the typial
diagrams whih give rise to the eet due to triples, where gure 1a and 1b orrespond to the terms V̂ S2
and V̂ T2 respetively.
For the present alulations, the number of basis funtions atually used are the following : 16s1/2,
14p (p1/2and p3/2), 11d (d3/2and d5/2) and 10f (f5/2and f7/2). Exitations from all the ore orbitals
have been onsidered.
The important ontributions to the magneti dipole hyperne onstants for dierent states are given
in table 5. In partiular, we have analyzed the ontributions from various many body eets and have
demonstrated that the most important ontributions ome from ore polarization and pair orrelation
eets. The largest ontribution omes from O. The next two largest ontributions ome from (OS1 +
S†1O) and(OS2 + S
†
2O) whih orrespond to the pair-orrelation (PC) and ore-polarization (CP) eets
respetively. The ontribution from the orresponding MBPT terms are listed in table 6. Figures 2 and
3 represents the pair-orrelation and ore-polarization diagrams in MBPT and CC respetively.
8
Table 3: Convergene of results for A (3s1/2 state) using dierent basis sets
s1/2 p1/2 p3/2 d3/2 d5/2 f5/2 f7/2 A(in MHz)
Number 11 9 9 8 8 7 7 562.10
of basis 14 12 12 10 10 8 8 589.18
16 14 14 11 11 10 10 592.86
17 15 15 11 11 10 10 592.86
Table 4: Comparative tables for the value of magneti dipole (A) hyperne onstants in MHz for
25Mg+
alulated using CCSD and CCSD(T). The dierene between the values demonstrate the eet of triples.
States CCSD(T) CCSD Experiment
3s1/2 592.86 593.01 596.2544(5)
4s1/2 162.32 162.39
Table 5: Comparative study of the ontribution from dierent terms (CCSD(T)) ontaining the dressed
operator O in determining the value of magneti dipole hyperne onstant A for 25Mg+for the dierent
states.
Terms 3s1/2 4s1/2 3p1/2 4p1/2 3p3/2 4p3/2 3d3/2 4d3/2
O 468.819 131.616 77.975 26.400 15.337 5.196 1.262 0.563
OS1 + S
†
1O 40.046 8.256 7.344 2.096 1.442 0.412 0.070 0.031
OS2 + S
†
2O 77.002 20.587 14.891 4.872 1.832 0.519 -0.175 -0.086
S†1OS1 0.855 0.129 0.179 0.044 0.035 0.009 0.002 0.0007
S†2OS1 1.175 0.162 0.238 0.048 0.0004 -0.007 -0.003 -0.001
S†1OS2 1.175 0.162 0.238 0.048 0.0004 -0.007 -0.003 -0.001
S†2OS2 5.447 1.613 0.997 0.350 0.268 0.101 0.015 0.008
Table 6: Comparative study of the most ontributing terms ontaining the operator O from (CCSD(T))
in determining the value of magneti dipole hyperne onstant A for
25Mg+for the dierent states.
Terms 3s1/2 4s1/2 3p1/2 4p1/2 3p3/2 4p3/2 3d3/2 4d3/2
O 468.819 130.616 77.975 26.400 15.337 5.196 1.262 0.563
OS1 + S
†
1O 39.713 8.233 7.293 2.093 1.440 0.414 0.070 0.031
OS2 + S
†
2O 77.767 20.836 15.153 4.973 1.984 0.569 -0.194 -0.096
9
Table 7: Individual ontribution from the OS1and OS2 diagrams for 3s1/2 state. The values given
orrespond to the respetive terms in MHz.
Orbital OS1 OS1 OS2 OS2
3s1/2 20.023 19.857
1s1/2 13.309 13.196
2s1/2 26.665 25.699
2p1/2 0.882 0.867
2p3/2 -0.958 -0.878
We have listed the ontributions from the dierent terms ontaining the dressed operator O in table
5 and table 6 gives the ontributions from the terms ontaining the operator O diretly. The results
given in tables 5 and 6 show that the CP ontribution is larger than the PC in magnitude for all the
states, although the ratio of the two eets is not uniform. It is important to note that the former
ontribution inludes the hyperne interation of all the ore orbitals while only a spei valene orbital
is involved in this interation for the latter (see Figure 3). These individual ontributions are presented
in table 7 for the ground state of Mg+. However, the ground state hyperne onstant A for Ba+exhibits
exatly the opposite behaviour [16℄. Even though Ba+ has more ore eletrons thanMg+, the relativisti
enhanement of the valene (6s) magneti dipole hyperne interation results in the value of PC exeeding
that of CP.
5 Conlusion
In this paper we have arried out ab-initio relativisti oupled luster alulations of magneti dipole (A)
and eletri quadrupole (B) hyperne onstants for the ground and some exited states of 25Mg+. Some
ontributions from partial triples are also taken into aount in our alulation. We have shown that the
dominant many-body ontributions to these properties ome from ore-polarization and pair-orrelation
eets.
In addition to omparing with the available experimental data we have also predited the values of A
and B for a few states whih ould be of interest in the future. Using ion-trapping and other experimental
tehniques, it may be possible to measure both the magneti dipole and eletri quadrupole hyperne
onstants for dierent states of
25Mg+, thereby heking the auray of our alulations. This would
onstitute an useful test of the validity of the oupled-luster theory in apturing the many-body eets
in hyperne interations in light atomi systems with a single valene eletron.
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